Abstract. Let S be a finite simple group, and S the class of poly-S groups, that is, finite groups with all composition factors isomorphic to S. A pro-S group is defined to be an inverse limit of poly-S groups. If S ¼ C p , the finite cyclic group of order p, we get the familiar pro-p groups. We study the case when S is non-abelian, and particularly the structure of free and projective pro-S groups and their subgroups. We show that pro-S groups have a rich structure, and that the categories of pro-p and pro-S groups are very di¤erent.
Introduction
Let S be a finite simple group. A poly-S group is a finite group with all composition factors isomorphic to S. A profinite group is said to be a pro-S group if it is an inverse limit of poly-S groups. We denote the category of pro-S groups by CðSÞ. In [3] , Jarden and Lubotzky determined some properties of pro-S groups and they called for a systematic study of them. This paper is a first step in this direction.
When S ¼ C p , the cyclic group of order p, Cð pÞ ¼ CðC p Þ is the category of pro-p groups. This case has been intensively studied in the literature. In particular, it is well known that a pro-p group is projective if and only if it is free, and that every closed subgroup of a free pro-p group is free. Furthermore, a closed normal subgroup of infinite index in a free pro-p group is always free of infinite rank. Finally, free pro-p groups are torsion-free. The theory of pro-p groups appears, for example, in [9, Chapter 5] and [2, Chapter 22] .
In this paper we study the corresponding properties for pro-S groups when S is a non-abelian simple group. We get a fairly complete answer if AutðSÞ splits over InnðSÞ. We call S splittable if S satisfies this condition.
Most finite simple groups are splittable. The non-abelian finite simple groups for which S is splittable are classified in [7] . They include all alternating groups except A 6 , all sporadic groups, and most groups of Lie type.
Notation. By S-projective groups and free pro-S groups we understand pro-S groups which are projective and free, respectively, in the category CðSÞ. We consider only free pro-S groups whose ranks are cardinal numbers m d 2. The free pro-S group on m generators will be denoted byF F m ðSÞ. Maps between pro-S groups are assumed to be continuous. The finite simple group S will be assumed to be non-abelian from now on.
For every splittable group S, we prove the following assertions in Section 3:
(1) Every pro-S group is S-projective (including all the finite ones and in particular S itself ).
(2) Every pro-S group G has torsion; if G is free, each poly-S group embeds in G. For each cardinal m, every pro-S group G with dðGÞ c m embeds as a closed subgroup inF F m ðSÞ.
We do not know if these properties hold for groups S which are not splittable. In addition, for every non-abelian finite simple group S, we have:
(3) Every free pro-S group has infinitely many non-isomorphic closed normal subgroups which are not free.
This assertion (proved in Section 4) is new for the case of free pro-S groups of finite rank. When the rank is infinite, it follows from [8, Theorem 3.3] . Let us summarize the fundamental di¤erences between the categories CðSÞ and Cð pÞ. For every S there are S-projective groups which are not free; this follows from statement (3) since, as we prove in Section 2, closed normal subgroups of free pro-S groups are S-projective. When S is splittable, every group in CðSÞ is Sprojective; of course there are no finite projective groups in CðpÞ.
Closed subgroups of free pro-S groups, even normal subgroups, are far from being free in CðSÞ. Furthermore, while a free pro-p group has only one isomorphism class of non-trivial closed normal subgroups of infinite index, free pro-S groups have infinitely many such isomorphism classes. Free pro-S groups have torsion for splittable groups S, while free pro-p groups are torsion-free. These properties of pro-S groups are unlike those of other familiar categories of profinite groups.
In all cases, the class of poly-S groups is a Melnikov class in the sense of [2, p. 343], i.e., it is closed under taking normal subgroups, homomorphic images and extensions. The same properties hold for the class of pro-S groups. Several other properties of CðSÞ are described in Section 2.
The cardinality of the family of all maximal open normal subgroups of a pro-S group G is called the S-rank of G. The notion of S-rank plays an essential part in our study of pro-S groups.
We denote by MðGÞ the normal Frattini subgroup, which is the intersection of all maximal open normal subgroups of G. We have G=MðGÞ G S S-rankðGÞ (see [2, Lemma 18.3.11] ). In pro-p groups the analogous notion is redundant, since it is equal to the minimal number of generators.
The S-rank classifies the closed normal subgroups of infinite index in a free pro-S groupF F m ðSÞ into isomorphism classes: if N 1 and N 2 are two such subgroups then S-rankðN 1 Þ ¼ S-rankðN 2 Þ if and only if N 1 G N 2 (see [2, Theorem 25.7.3] ).
Finitely generated groups have finite S-rank, but there are also infinitely generated pro-S groups with finite S-rank (as opposed to the category CðpÞ). We will show that free pro-S groups have many such normal subgroups of infinite index. Some other properties concerning S-rank will be presented in Section 2.
In [8] , Melnikov studied closed normal subgroups of infinitely generated free pro-C groups, where C is a Melnikov class. For the category CðSÞ, he proved the following theorem:
LetF F m ðSÞ be a free pro-S group of infinite rank m. ThenF F m ðSÞ has for each n c m, a closed normal subgroup whose S-rank is n.
The S-rank of a closed normal subgroup inF F m ðSÞ is at most maxð@ 0 ; mÞ. Therefore, in the case of infinite rank, we know all isomorphism classes of closed normal subgroups. However, Melnikov did not study closed normal subgroups of free pro-S groups of finite rank. In Section 4, we study the following problem which appears in [8] as an open question:
. Does each free pro-S group of finite rank have a closed normal subgroup of S-rank n for each n A N?
Melnikov's methods are inapplicable in the finitely generated case. We construct infinitely many non-free pairwise non-isomorphic closed normal subgroups of infinite index, using semidirect products, thus proving statement (3) and we reduce Melnikov's problem to a problem about generators in certain poly-S groups.
Generalities on S-projective and free pro-S groups
Let C be a Melnikov class. A pro-C group G is said to be C-projective, if for each pair of epimorphisms of pro-C groups ða : G ! ! A; b : B ! ! AÞ, there exists a homomorphism j : G ! B satisfying a ¼ b j. Gruenberg's lemma ([2, Lemma 22.3.2]) states that it su‰ces to replace the pair of epimorphisms in the definition with a pair in which B is a C-group.
Pro-S groups have been studied only in the general context of pro-C groups for Melnikov classes, taking no account of the special properties of poly-S groups. Furthermore, C-projective groups have not so far been studied for Melnikov classes.
In the study of closed pro-S subgroups of free groups in CðSÞ, we distinguish between open subgroups and closed subgroups of infinite index. The first case is easier, since these subgroups are always free. The following proposition resembles the Nielsen-Schreier theorem for abstract free groups. However not every open subgroup ofF F m ðSÞ is a pro-S group; the class CðSÞ is closed under taking normal subgroups but not under subgroups.
Although it is di‰cult to determine under which conditions closed normal subgroups of infinite index are free there is the following theorem of Lubotzky, van den Dries and Melnikov. We also have a criterion for freeness related to S-rank: We continue with a characterization of S-projective groups:
Theorem 2.4. The S-projective groups are ðup to isomorphismÞ precisely the closed pro-S subgroups of free pro-S groups.
Proof. Let P be an S-projective group, and let m be a cardinal number such that m d dðPÞ. There exists an epimorphism b :F F m ðSÞ ! ! P, and hence a homomorphism j : P !F F m ðSÞ, satisfying b j ¼ id P . It follows that P is isomorphic to a closed subgroup ofF F m ðSÞ. 0 is a well-defined homomorphism extending a. Since H is a pro-S group, H 0 =N G H=ðH V NÞ is a pro-S group. Moreover H 0 is also a pro-S group, being an extension of N by another pro-S group.
Since H 0 is an open pro-S subgroup ofF F m ðSÞ, it is a free pro-S group by Theorem 2.1, and is S-projective (by [2, Lemma 22.3.6]). Therefore, there exists a homomorphism j 0 : H 0 ! B, satisfying b j 0 ¼ a 0 . It follows that j ¼ j 0 j H is the required homomorphism. r Remark 2.5. The characterization of S-projective groups above holds for any Melnikov class. Corollary 2.6. Every closed pro-S subgroup of an S-projective group is S-projective.
Recall that a profinite group G is projective (i.e., in the category of all profinite groups) if and only if the p-Sylow subgroups of G are free pro-p groups for each p (see [2, Proposition 22.10.4]). While p-projective groups are always projective, pro-S groups are never projective in the category of all profinite groups: Corollary 2.7. Every non-trivial pro-S group has a p-Sylow subgroup which is not a free pro-p group.
Proof. The result [2, Proposition 22.10.9] states that if C is a Melnikov class, and G is both a pro-C group and projective, then C p A C for each p dividing the order of G. The poly-S class S contains no non-trivial cyclic group, and therefore a non-trivial pro-S group is never projective in the category of all profinite groups. The existence of a non-free p-Sylow subgroup of G follows by [2, Proposition 22.10.4]. r
We do not know whether free pro-S groups can have free p-Sylow subgroups.
The case when S is splittable
The behavior of S-projective and free pro-S groups depends on the splitting properties of poly-S groups. We use the following theorem of Bercov: Theorem 1] ). Let S be a splittable group, and let G be a poly-S group. If N p G a minimal normal subgroup, then G splits over N.
We generalize Bercov's theorem slightly: Corollary 3.2. If S is a splittable group, then all extensions of poly-S groups by other poly-S groups split.
Proof. Let G be a poly-S group, and N p G. We prove that G splits over N. Let 1 ! N ,! G ! p ! G=N ! 1 be a short exact sequence with the canonical homomorphisms. The proof is by induction on jGj. Suppose that G 0 splits over every normal subgroup whenever jG 0 j < jGj. Let 1 0 M p G be a minimal normal group with M c N. There exists a short exact sequence 1 ! N=M ,! G=M ! p 1 ! G=N ! 1, where p 1 : G=M ! ! G=N is defined by gM 7 ! gN. Since jG=Mj < jGj, we have a homomorphism c : G=N ,! G=M with p 1 c ¼ id G=N . Furthermore, there is a short exact sequence 1 ! M ,! G ! p 2 ! G=M ! 1 which splits by Theorem 3.1, so we have j : G=M ,! G with p 2 j ¼ id G=M . Now the homomorphism j c : G=N ,! G satisfies p ðj cÞ ¼ p 1 ðp 2 jÞ c ¼ id G=N . r
We will see in the sequel that the same assertion holds for pro-S groups.
It is an open question whether the converse of Bercov's theorem is true. Even the weaker question, of whether non-split extensions of poly-S groups by poly-S groups exist, is still open. Benjamin Klopsch has suggested an approach to the construction of a non-split extension using cohomological computations. If his conjecture is true, it would imply that the theory of pro-S groups can di¤er significantly from one group S to another. Theorem 3.3. Let S be a splittable group. Then every pro-S group is S-projective.
Proof. Let G be a pro-S group, and let ða : G ! ! A; b : B ! ! AÞ be a pair of epimorphisms, where B is a poly-S group. Since S is splittable, all extensions of poly-S groups by poly-S groups split by Corollary 3.2. Therefore, there exists a homomor-
Hence G is S-projective by Gruenberg's lemma. r Corollary 3.4. If S is a splittable group, then every pro-S group has torsion. In particular, the free pro-S group has torsion.
Proof. The group S is S-projective (by Theorem 3.3). Since every pro-S group G can be projected onto S, there exists an isomorphic copy of S in G. r Corollary 3.5. Let S be a splittable group. ThenF F m ðSÞ contains an isomorphic copy of each pro-S group G with dðGÞ c m and each poly-S group.
Proof. The groupF F m ðSÞ can be projected onto every pro-S group whose minimal number of generators is at most m. The group G is S-projective, and therefore isomorphic to a closed subgroup ofF F m ðSÞ. If m is finite, thenF F m ðSÞ has a closed normal subgroup isomorphic to the free pro-S group on @ 0 generators ([8, Theorem 4.2]), and the second statement follows. r Corollary 3.6. Let S be a splittable group, and let G be a pro-S group having a nontrivial p-Sylow subgroup P for a prime p. Then P has torsion, and in particular is not free pro-p.
Proof. Since P 0 1, the image of P in G=N is non-trivial for some open normal subgroup N, and since G=N is a poly-S group it follows that p divides jSj. Since S is splittable, G contains an isomorphic copy of S, and so contains a copy of C p . It follows from the Sylow theorems (for profinite groups) that P contains a copy of C p . Since closed subgroups of free pro-p groups are free, P cannot be free pro-p. r
We state some more questions for the case of non-splittable groups. Do there exist non-free finitely generated S-projective groups? Can one find for each n A N, a finitely generated S-projective group with S-rank n? Are S-projective groups necessarily isomorphic to closed normal subgroups of free pro-S groups? For splittable groups S, the answers follow immediately from our results above.
Melnikov's problem
In this section, we study the normal subgroups of free pro-S groups of finite rank.
Let e be a natural number. For every n A N the groupF F e ðSÞ has a subgroup N of S-rank n such that there is a subgroup K with N p K pF F e ðSÞ. This follows from Theorem 1.1 and the fact thatF F e ðSÞ has a closed normal free subgroup on @ 0 generators ( [8, Theorem 4.2] ). However, it is more di‰cult to find such a subgroup N that is normal. We use the following two lemmas of [3] to convert this into a problem about finite groups: Proof. Let A be a poly-S group as described above. Every poly-S group whose minimal number of generators is at most e is a homomorphic image ofF F e ðSÞ (see [ In order to find the required normal subgroups, we construct certain poly-S groups, using the preceding proposition. We also use the following theorem of Lucchini:
Theorem 4.4 ( [6] ). Let G be a finite group, and N p G, a minimal normal proper subgroup. Then dðG=NÞ c dðGÞ c dðG=NÞ þ 1.
To obtain a closed normal subgroup ofF F e ðSÞ with S-rank n, it su‰ces to find a poly-S group A, with a minimal normal subgroup B G S n , such that dðA=BÞ c e À 1. This can be done by considering a group A ¼ S n zÃ A ðn A N), whereÃ A is a poly-S group acting on S n by permuting its coordinates. Recall that if H cÃ A, then there is a transitive action ofÃ A on the setÃ A=H, j :Ã A ! SymðÃ A=HÞ, which induces an action j j :Ã A ! AutðS jÃ A=Hj Þ. Since the action j is transitive, S jÃ A=Hj p S jÃ A=Hj zÃ A is minimal normal as required, so that dðS jÃ A=Hj zÃ AÞ c dðÃ AÞ þ 1. IfÃ A is a poly-S group such that dðÃ AÞ < e, and H a subgroup ofÃ A, we can use it to produce a normal subgroup N ofF F e ðSÞ of S-rank jÃ A=Hj.
This method produces infinitely many normal subgroups of infinite index inF F e ðSÞ with di¤erent S-rank (all dividing jSj i for some i A N). Since these S-ranks are finite, and the indices are infinite, the subgroups are not free. The acting groupÃ A can be chosen as a 2-generated group with order as large as we like.
In order to have S-ranks which are not divisors of jÃ Aj, we choose a poly-S groupÃ A which acts on the groups S i 1 ; . . . ; S i t ði j A N; 1 c j c tÞ with actions as above, and concatenate these actions. The group A is now of the form S i 1 þi 2 þÁÁÁþi t zÃ A. By an inductive argument based on Lucchini's theorem we have dðAÞ c dðÃ AÞ þ t. If we choose a poly-S groupÃ A with dðÃ AÞ c e À t, we have a closed normal subgroup in F F e ðSÞ whose S-rank is i 1 þ Á Á Á þ i t .
In order to solve Melnikov's problem in general, one has to prove or disprove the following:
Conjecture. Given e d 2, for every n A N there exists an e-generated poly-S group with a normal subgroup isomorphic to S n .
